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ABSTRACT




u3=2 + c3F12 + d3. This relation gives
htr 3i in terms of the prepotential F and the vevs hii in N = 2 SYM with gauge group
SU(3). We also obtain the nonlinear dierential equations satised by F and show that these
include the Witten { Dijkgraaf { Verlinde { Verlinde equation. The method we propose can
be generalized to higher rank groups.
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1. Seiberg-Witten exact results about N = 2 SUSY Yang-Mills [1] are strictly related to
topics such as uniformization theory, Whitham dynamics and integrable systems.
In the case of N = 2 SUSY Yang-Mills with compact gauge group G, the terms in
the low-energy Wilsonian eective action with at most two derivatives and four fermions
are completely described by the so-called prepotential F . The most important property of
F is holomorphicity [2]. Furthermore, it has been shown in [3] that F gets perturbative
contributions only up to one-loop. Higher-order terms in the asymptotic expansion comes
as instanton contribution implicitly determined in [1].
In [4], where a method to invert functions was proposed, it has been derived a nonper-
turbative equation which relates in a simple way the prepotential and the vevs of the scalar
elds. In [5], proving a conjecture in [6], it has been shown that the above relation is under-
lying the nonperturbative Renormalization Group Equation (RGE). Furthermore, using the
dierential equation for F [4][7], the exact expression for the beta function of N = 2 SUSY
SU(2) Yang-Mills has been obtained.
The problem of extending these results to the case of higher rank groups is a nontrivial
task. An important step in this direction is the result in [6][8] where the nonperturbative
relation in [4] has been generalized. However it remains the problem of nding the nonper-
turbative relations between htrki for k > 2 and the vev’s hii. In this letter we nd this
relation in the case of SU(3) gauge group. As we will see a new structure arises in the the-
ory. Namely, we will show that the prepotential satises the Witten { Dijkgraaf { Verlinde
{ Verlinde (WDVV) equation [9] implying that there is a topological structure underlying
N = 2 SYM.
Let us denote by ai  hii and aiD  h
i
Di the vevs of the scalar component of the chiral
supereld. We also set u = htr2i and v = htr3i and consider the reduced Picard { Fuchs
equation for SU(3) introduced in [10]
Lkai = 0; Lk
@F
@ai









P = 27(v2 − 6) + 4u3; L = 12uv@u@v + 3v@v + 1: (2)
We can re-write these equations as dierential equations with respect to the ai-variables.
We note that in computing the inversion of these equations there are terms which simplify
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by using the Picard { Fuchs equations themselves. We now set
U = u22@11 − 2u1u2@12 + u
2
1@22;
V = v22@11 − 2v1v2@12 + v
2
1@22;
C = (u1v2 + v1u2)@12 − 2u2v2@11 − 2u1v1@22;
D = u1v2 − u2v1;
where @ij  @
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@ai@aj





PU +D2(1− a  @a)





PV +D2(1− a  @a)

Fl = 0; l = 1; 2; (4)
where x  y denotes the scalar product between the vectors x and y, and Fi1:::in  @a1:::@anF .




















and use (5) to get





A1F222 − A2F122 = 2u1u2Γ2 + u
2
2Γ3; (7)
A1F112− A2F111 = u
2
1Γ3 − 2u1u2Γ1; (8)
where






Γ3 = F111F222 −F112F122:
Observe that
F12lΓ3 = F11lΓ2 + F22lΓ3; l = 1; 2: (9)











2Γ3) = 3(2v1v2Γ2 + v
2
2Γ3); (11)
u(u21Γ3 − 2u1u2Γ1) = 3(v
2
1Γ3 − 2v1v2Γ1): (12)
Let us denote the equations (10), (11) and (12) by B1, B2 and B3 respectively. Computing
B1Γ3 +B2Γ1 +B3Γ2;
B1Γ3 − B2Γ1 − B3Γ2;








uu1u2Γ1Γ2 = 3vv1v2Γ1Γ2: (15)




other hand u and v are independent variables so that
Γi = 0; i = 1; 2; 3: (16)
By (9) it follows that Eq.(16) is equivalent to to the Witten { Dijkgraaf { Verlinde { Verlinde
equation
F212l = F11lF22l; l = 1; 2: (17)
We can now solve the inversion problem u = u(a1; a2); v = v(a1; a2). Actually the solution
can be nd by some tricks on the Picard { Fuchs equations. Nevertheless we can use the
result [6][8] where it has been shown that the relation u = i(F(a)− a@aF(a)=2) obtained
in [4] generalizes to
u = i (F(a)− a  @aF(a)=2) : (18)
Using this result we can derive v from (5). To see this we re-write Eq.(5) in the matrix form
uuiG
(l)
ik uk = 3viG
(l)







1A ; l = 1; 2: (20)
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The WDVV equation and its consequence (21) implies that both G(1) and G(2) have a common





ui + i; i = 1; 2; (22)
where (1; 2) is a null vector of G(l) and i1:::in  @ai:::@an with  a function to be deter-
mined. It follows that
1F22l = 2F12l; 1F12l = 2F11l; l = 1; 2:






u3=2 + c3F12 + d
3; (23)
where c and d are dimensionless constants to be determined by asymptotic analysis. As a
check note that identities arise by deriving (23) with respect to u and v and expressing @u
and @v in terms of @ai.
We note that the prepotential F satises a nonlinear dierential equation which follows
by (3) and (4) with u and v (and their derivatives) given by (18) and (23) respectively. From
these equations one obtains recursion relations for the instanton contribution. Furthermore,
using the dierential equation for F one can nd the monodromy group.
Let us make some remarks. First of all we note that similar structures can be generalized
to the case of gauge group SU(n), n > 3. Using the method proposed in [5] one can use
the results in this letter to nd the RGE and the beta function also in the case n > 2.
Furthermore, the condition on the period matrix should be useful in nding eigenvalues for
Laplacian acting on degree zero bundles in higher genus Riemann surfaces (a long { standing
problem). In particular, one should compare the WDVV equation with the condition on the
lattices obtained in [11] (see Eq.(5.22) there). In this framework one should be able to
recover the BPS mass formula as eigenvalues for the Schro¨dinger equation on the Riemann
surface with period matrix aDi=aj. This Riemann surface should correspond to the two {
dimensional space which arises in compactifying N = 1 in D = 6 to obtain N = 2 in D = 4.
This has been shown in [7] for the SU(2) case. In other words, the particular structure of the
Seiberg { Witten hyperelliptic surfaces should select a particular structure for eigenvalues
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of Laplacian whose structure should be a suitable generalization of the eigenvalues for the
Laplacian on the torus.
We also observe that the way we manipulate the Picard { Fuchs equations could be useful
in investigating some algebraic { geometrical structure and some aspects concerning mirror
symmetry. In this context we note that considering the position of branching points as punc-
tures on the Riemann sphere it should be possible to describe the Seiberg { Witten moduli
space in terms of moduli space of Riemann spheres with punctures (note that in the SU(2)
case the moduli space is the Riemann sphere with three punctures which can be essentially
seen as the moduli space of Riemann sphere with four punctures). In this framework one can
use important constructions such as the Deligne { Mumford compactication M0;p, where
\punctures never collide", which allows us to consider natural embeddings (this problem is
of interest also for softly symmetry breaking [12]). We also observe that the WDVV equation
can be seen as an associativity condition for divisors onM0;p [13]. These structures together
with the restriction phenomenon of the Weil { Petersson metric are at the basis of recursion
relations arising in 2D quantum gravity (see [14] for related aspects).
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